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The knowledge of horizontal compositional variation is of prime importance in hy- 
drocarbon reservoir delineation. However, the effect of natural conuection on this varia- 
tion is largely unknown. This work examines the effect of natural conuection and difjcu- 
sion (thermal, pressure and Fickian) on a two-component, single-phase jluid occupying 
a horizontal cross-sectional reservoir in the presence of a prescribed linear temperature 
field. The behavior is investigated using a method of successive approximations, which 
iterates on solution of Poisson’s equation. This behavior is then incolporated in a sim- 
pl$ed perturbation solution (in the form of a cubic equation) which not only gives 
accurate ualues of horizontal compositional variation, but also clearly shows the inter- 
play of reservoir/jluid properties. The perturbation and the full solutions indicate that a 
small amount of convection can cause the horizontal composition gradients to increase 
until a maximum is reached and then decay as l/k. An alternative scenario is that the 
gradient asymptotes to a value where the horizontal density derivative approaches zero. 
Generalization of this perturbative solution to n-components apparently requires the 
simultaneous solution of n - 1 cubic equations. 

Introduction 
Compositional variation in hydrocarbon reservoirs plays an 

important role in reservoir delineation. The ability to predict 
horizontal compositional variation helps the engineer to de- 
termine whether a given pair of producing wells drain the 
same reservoir. However, prior to this study the effects of 
natural convection on this horizontal variation were largely 
unknown, and many a-priori suppositions turned out to be 
wrong. The primary goal of this work was to achieve an un- 
derstanding of the effects of natural convection and diffusion 
(molecular, pressure and thermal) on horizontal composi- 
tional variation. 

There is a substantial body of work investigating the com- 
bined effects of diffusion and natural convection. However, 
the vast majority of that research investigates the onset of 
convection due to vertical instabilities; the cases considered 
are where convection results solely from vertical geothermal 
gradients high enough to generate instabilities and induce 
stable convection. (For an application to hydrocarbon reser- 
voirs see Bedrikovetskii, Polonskii, and Shapiro (19931.1 That 
type of investigation is only distantly related to our work. In 
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this work, we consider that thermal convection results from a 
horizontal component of the local geothermal gradient and 
are unconcerned with the stability question. 

To our knowledge, the main work on compositional varia- 
tion in petroleum reservoirs with free convection due to im- 
posed horizontal temperature gradients is by Jacqmin (1986, 
1990) and Moser (1986). These authors are concerned with a 
wide variety of conditions: multicomponents (that is, more 
than two), unsteady-state conditions, sloping reservoirs, and 
even two phases. However, neither author includes thermal 
diffusion. Moser employs finite-difference reservoir simula- 
tion (which seems to work well), while Jacqmin uses a pertur- 
bative-type approach where approximations are made to the 
governing equations. These authors state that under certain 
conditions the fluid composition reorients itself in such a way 
as to inhibit convection-we discuss this point in detail later. 
Both authors develop simplified expressions (essentially 
quadratic equations) to model horizontal compositional vari- 
ation-we discuss Jacqmin’s later. 

Our treatment is more focused and systematic because of 
great subtleties of this problem. We are concerned that ei- 
ther finite-difference simulation or direct perturbation analy- 
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sis (using a-pn'on' assumptions of dominant behavior) would 
mask important phenomenon. In this work the problem is 
developed in three stages: first, we attempt to get accurate 

examine these results to develop an understanding of the 
dominant phenomena, and third, we incorporate these domi- 

the dependence of the solution on all of the parameters in 
the equations; thus, we seek solution to the differential equa- 
tions including all of the fluid property variation. Finally, we 
make heuristic arguments for extending the perturbation so- 
lutions to multicomponent systems. 

The coefficients in this expression are 

d o  
results for the two-component single-phase case, second, we 

nant behaviors into simplified solutions. We desire to find 

CX= - p@( -)& 

C p = - p - D  dX 12 j& ( 4  - $)> d w  

d w  k ,  
C T = - p - D D , 2 ~ ,  ( 5 )  

dX 

where D,, is the diffusion coefficient, f is the fugacity of 

Governing Differential Equations 
Here we present the differential equations that govern the 

two-component convection/diffusion problem. The equations 
are simply an expression of the conservation of mass. We as- 
sume that the fluid flow is steady, and that the reservoir is a 
two-dimensional vertical rectangle (that is, x - z) .  The fluid 
consists of two components and is a single-phase liquid or 
gas. We also assume that we know the temperature field in 
order to obviate the solution of the conservation of energy 
equation. 

In the steady state, the conservation of mass for the bulk 
fluid can be written 

where p is the mass density of the bulk fluid, and i7 is the 
total velocity. The unknowns in this equation are composition 
(that is, the mole or mass fraction of one of the components), 
and pressure. In order to constrain these two quantities, we 
must solve this equation together with a second equation ex- 
pressing conservation of mass of component one 

Here w and Tare the weight fraction Cnd diffusive-mass flux 
of component one. The diffusive flux j results from the devi- 
ation in the velocity of component one from the velocity of 
the bulk fluid. Since, in the case of a two-componen_t system, 
the diffusive flux of component two is equal to - j and the 
weight fraction of component two is equal to 1 - w ,  a third 
equation written for component two will be a linear combina- 
tion of the previous two equations and, hence, superfluous. 

In Eqs. 1 and 2, we assume that the velocity J is given by 
Darcy's law 

k 

CPP 
J = - - ( V P + p & ,  (3) 

where g is the acceleration due to gravity, k is the perme- 
ability, cp is the porosity, and p is fluid viscosity. The unit 
vector f points upwards. 

The diffusive flux of component one is given by the expres- 
sion (Bird et al., 1960) 

component one, v, is the partial molar volume of component 
one, R is the gas constant, k ,  is the thermal diffusion ratio, 
and x is the mole fraction of component one. The mole frac- 
tion x and the mass fraction o are related to each other by 
the expression: w = x M , /  [ x M ,  + (1 - x ) M , ] ,  where M I  and 
M ,  are the molecular weights. All of the other quantities in 
these expressions are readily calculated using an equation of 
state, except D,, and k, .  

For the present, we assume that D,, is constant; in our 
examples, we take a representative value of D,,  from Sig- 
mund (1976) and adjust it for porous media by dividing by 
the product of electrical resistivity factor and fractional 
porosity (Perkins and Johnston, 1963). The thermal diffusion 
ratio k ,  is estimated using an approximation given by 
Rutherford and Roof (1959) for methane/normal butane sys- 
tems 

x ( 1 -  x )  
k ,  = - 82,600 

RT 

The ratio k ,  is dimensionless and the coefficient 82,600 is 
for R having units of atm.cm3/mol-K, and T in degrees 
Kelvin. We did not modify k ,  from the above equation for 
nonideal fluid behavior (see the discussion by Shukla and 
Firoozabadi, 1997). 

The boundary conditions for Eqs. 1 and 2 are that no fluid 
crosses the outer boundaries 

j ,  = pu, = 0, x = W/2, 

j ,  = pu, = 0 ,  z = k H/2, (7) 

where the subscripts x and z refer to horizontal and vertical 
directions, and H and W are the height and width of the 
reservoir. 

We require two other pieces of information in order to set 
the composition and pressure levels. There are a few ways to 
do this. For instance, one could set average values over the 
reservoir. In this work, we assign a pressure and composition 
at one point (taken for convenience to be the origin), because 
it is the information obtained from a well. 

Energy Equation 
Here we briefly discuss the energy equation that governs 

the temperature field. We do not include this equation in our 
calculations, because we assign a temperature field. 
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If we assume that a single-phase fluid flows at steady con- 
ditions and neglect the interdiffusion contribution in porous 
media, the temperature field must satisfy 

- -- - -p+ - - i - - -p - - - '  i. (10) 

where f and 9 are the unit vectors along the x and y axes, 
respectively. 

The representation of the total mass flux is simpler. Since, 
the divergence of p z  is zero and since the components of 
this vector normal to the boundary are zero, the irrotational 

a*] J*] d 4  d 4  

term is the conductive energy flux, and the second term is the d z  d x  a x  d z  
In the above equation, K is the thermal conductivity, the first 

convective energy flux. 
We do not solve this equation simply, because it would 

unduly complicate the problem. Temperature data in a 
petroleum reservoir can be measured with modern tools, 
which are much easier than composition measurements. Oil 
field temperature data indicate linear horizontal temperature 
variation. part must be zero 

We assume that our reservoir is bounded by rock that has 
constant temperature gradients T, and Tz in horizontal and 

when the Peclet number is ~ 1 .  We also assume that the 
(11) 

a* d* 
vertical directions with T, -=K 7". This is a good assumption p z =  0 X ( * j )  = - -2 + -2. 

d z  dx 

conductive flow of heat in our reservoir is much greater than 
the convective flow. With these assumptions, the solution of 
Eq. 8 will have roughly the same temperature gradients as 
the bounding rock. 

This is essentially the stream function used in fluid mechan- 
ics (for example, Lu, 1973). 

The partial differential equations for $+and $, are derived 
by taking the curl of the vectors pG and j expressed in vector 

Iterative Procedure 
potential form and setting them equal to the curl of their 
definitions given in the previous section. We do not compute 
&,,, in this work. 

The equation governing total mass flux is Initially, we held the notion that the compositional gradi- 
ents should be monotonic functions of position (that is, that 
compositional gradients had no local maxima or minima 

gradients would decrease monotonically with increasing per- 
meability. Aside from these two assumptions (which were 

within the reservoir). We also assumed that compositional d2* d=* kg dp' pu, dp2 pu, d p l  -+- -. (12) --+7'- _ _ - _ _ _  
ax2 d z -  2 p p  dx  2 p 2  az 2 p 2  dx 

wrong), we had little information on which terms in these 
equations would dominate and which could be neglected. This 
made a perturbation approach hard to justify. We also 
thought that a conventional finite-difference approach would 
be too crude for our purposes. 

We decided to take advantage of the vector nature of the 
convective and diffusive fluxes by expressing them in terms of 
vector and scalar potentials (that is, in terms of their rota- 
tional and irrotational parts) and using a method of succes- 
sive approximations. This approach had the advantage of be- 
ing an exact representation for zero convection. 

Note that in this equation we have implicitly assumed that 
viscosity is constant. This assumption has been made for con- 
venience and should in no way limit the applicability of the 
method. We have also assumed that permeability and poros- 
ity are constant. This should not be overly restrictive, unless 
they vary wildly within the reservoir. 

By far the most important term on the right side of Eq. 12 
(at least away from = ~ w,2) is the first (see Firoozabadi, 
1998). If we include only this term and neglect the horizontal 
pressure gradient (which is extremely small for the p varia- 
tion), we get 

Vector Formulation 
The Fundamental Theorem of Vector Analysis states that 

a continuous vector field with continuous divergence and curl 
can be represented by the Sum of its rotational and irrota- 
tional parts (for example, Borisenko and Tarapov, 1979). For 
instance, the diffusion flux vector can be expressed as 

While we use the full equation in our iterative method, we 
use this approximation for the perturbation analysis. 

The equation for the rotational part of the diffusive flux is 

(9) d2$, d 2 $  dx d C X  dx dCX d T  dC7 ?= (7) ROT + ( J)IRR ' __ +2=--- dx2 d z  d x  rlz az dx  ax d z  
These components are determined by the requirements that 
the divergence of the rotational part be zero and that the 

erties held by the curl and gradient, respectively, we can rep- 
resent the convection and diffusion mass fluxes of component 
one by (using Eq. 2) 

d T  d C T  dP d C P  dP dC" +-- . (14) 
curl of the irrotational part be zero. Because these are prop- d z  ax dx d z  az dx 

Note that every term on the right side of this equation con- 
tains the derivative of a diffusion coefficient. Since these co- 
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efficients are slowly varying functions of pressure, tempera- 
ture, and composition away from the critical point, we expect 
the contribution of +, to be small. 

The dependent variables $ and $, have constant values on 
the boundary. Without loss of generality, we assign these 
constants to be zero 

There are 3 number of equivalent representations for the 
scalar potential 4. One representation uses the difference 
between wpG and its rotational part: V 4  = w p 3  - ( w ~ i & ~ ~ .  
This representation was tried and rejected, because it ex- 
presses the scalar potential as the difference between two 
nearly equal quantities. This is because the mass flux of com- 
ponent one due to convection is normally much larger than 
that due to diffusion. Note that the con5nuity equation for 
component one, Eq. 2, does not say that j is eqtal and oppo- 
site to wpi;. It says that the irrotationalpart of j is equal and 
opposite to the irrotationalpart of wp3 .  This is an important 
point since the rotational part of o p 3  is ofte? orders of mag- 
nitudes larger than its irrotational part; for j the converse is 
true. 

To bring out the dependence of the scalar potential 4 on 
variation in composition, we rewrite Eq. 2 using Eq. 1 

024 = p s . v w (  = -v.T). (16) 

This form, however, makes the computation of 4 sensitive to 
small errors in w. 

The boundary condition for this equation is that d have 
zero normal derivatives on the boundary 

d4  
-==, x = * w / 2 ,  
d X  

As we see later, the dependent variables 9 
to velocity and composition, respectively. 

(17) 

and are related 

Solution Mechanics 

14 and 16) all have the general form 
The differential equations of the previous section (Eqs. 12, 

This suggests an iterative scheme that assumes at each step 
we know the g(x ,  2)’s. The first step is to assume a pressure 
and composition distribution and use this to determine p 3  
from Eq. 12. The mass flux field is then used to compute 4 
and +, from Eqs. 14 and 16. Updated composition and pres- 
sure distributions are determined by integrating 
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- V 4  + V X $,j  - C ‘VP - C T V T  
CX , (19) VX = 

together with Darcy’s law. 
Note that, aside from the integration, this procedure re- 

quires successive solution of Poisson’s equation. So far, we 
have solved them by integration of the corresponding Green’s 
function over the reservoir. Because we need the derivatives 
of 4, 9 and $, with respect to x or z ,  we compute them 
directly by using the derivatives of the Green’s functions in 
the integrals. 

Each differentiated Green’s function, except the one corre- 
sponding to &$/ax has the form 

X (sine or cosine terms) (exponential terms). (20) 

The arguments of the trigonometric terms have the form 
n r ( 7  + H/2)/H and 2 n r ( z  + H/2)/H, while the exponen- 
tials have arguments for the source point, - n r  I ( x  - 6 ) I / H ,  
and the images about the side boundaries. The variables 5 
and 7 are the dummy variables of integration. 

The differentiated Green’s function for +b/dx contains (in 
addition to a series of the type given) a Heaviside step func- 
tion H ( x  - 5). Integration of this step function with respect 
to the dummy variables 5 and 77 over the rectangle shows 
that this part of &$/dx is its value averaged over z from 
- H/2 to + H/2 and a@ax can be expressed by 

a$ 1 
- = - /” wpuxdz .  
dx H -H,Z 

(21) 

Equation 21 is obtained from Eqs. 1 and 6 and the appropri- 
ate boundary conditions. 

We integrate the Green’s function solutions by dividing the 
reservoir into small rectangles assuming that the forcing 
functions are constant in each rectangle. We integrate the 
differentiated Green’s functions analytically and then multi- 
ply them by the averaged forcing function. The grid of rec- 
tangles is refined so that they are narrowest near the side 
boundaries and shortest at the top and bottom of the reser- 
voir. The width of the rectangles near the side boundaries 
are decreased as permeability is increased. 

Examples 
In order to investigate the behavior of the binary system 

and to test the validity of the iterative procedure, we consid- 
ered a binary mixture of methane and normal butane. The 
parameters for this example are given in Table 1; the thermo- 
dynamic properties are calculated using the Peng-Robinson 
(1976) equation of state. The nature of this system is that 
methane tends toward the hotter region because of thermal 
diffusion effects (see Shukla and Firoozabadi, 1997). This 
tendency overrides the buoyancy due to pressure effects, so 
that butane actually “floats” above the methane. Since we 
had convergence problems with this case, and in order to in- 
vestigate the behavior when the lighter component concen- 
trated at the top of the reservoir, we studied a second case 
where the sign of k ,  was changed. 
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Table 1. Data for Binary Liquid Example 

Thickness H 150m 
Length W 3,000 m 

T(0,O) 66°C 
P(0,O) 110 atm 
P(0 ,O)  p o  517.4 kg/m3 
CX(0,O) - 1.71 x kg/m.s 
CT(O, 0) 1.55x10-'0 kg/m.s"K 
CP(O, 0) -7.96X10-" kg/m.atm-s 
Horizontal temp. gradient, T, 1 K/300 m 
Vertical temp. gradient, T, -2K/30m 
porosity p 25% 
diffusion coefficient D,, 1 .02~10- '  m2/s 
viscosity p 200 kg/m-s 

X ( 0 , O )  0.20 

Example 1: unaltered C,  - nC, system 
Since the compositional variation for zero permeability 

(that is, zero convection) is easily calculated, we used this as 
our starting point. This run requires only successive integra- 
tion of Eq. 19 and the solution of Eq. 14. A contour plot of 
the methane mole fraction is shown in Figure 1. The contour 
interval is 0.1 mol%. In all subsequent composition plots we 
will use this same contour interval and in every case the mole 
fraction at the center of the reservoir will be 20%. This figure 
shows that the constant composition contours are essentially 
straight lines, indicating that the variation of the diffusion 
coefficients C x ,  C T  and C p  is small. The contribution of 4, 
to this case is insignificant and setting = 0 has no appre- 
ciable effect on the compositional variation. The horizontal 
compositional variation for k = 0 is 0.91 mol% at z = 0. 

The procedure from then on was to increase the perme- 
ability and then iterate using the previous solution as the 
starting point. In this way we ran cases for k = 0.003, 0.01, 
0.03, 0.06, 0.1, 0.2, 0.3, 0.5, 1.0, and 2.0 millidarcy (md). The 
behavior of the solution was not expected, nor did the itera- 
tive procedure work as well as we had hoped. 

The surprise was that the increasing permeability had the 
effect of increasing horizontal compositional variation. Our 
expectation was that convection would decrease the composi- 
tional variation. Figures 1, 2 and 3 graph methane mole frac- 
tion contours for k = 0.0, 0.06 and 0.2 md. The horizontal 
variations in these cases are 0.91, 2.70 and 5.51 mol%, re- 
spectively. There are a few important points to note on these 
figures: (1) the contours are not only getting closer together 

Figure 1. Methane mole fraction contours, k = 0.00 
md-Example 1 ( ,y (0,O) = 20%). 
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Figure 2. Methane mole fraction contours, k = 0.06 
md-Example 1 ( x (0,O) = 20%). 

-they are becoming more vertical; (2) except near the side 
boundaries, the curves seem to have the same shape and the 
spacing seems to be regular indicating that dx/dx is roughly 
constant; (3) the curves are developing a subtle "s" shape 
which indicates that the vertical compositional gradient is not 
constant. 

Up to this point, the iterative procedure worked well 
enough, although convergence slowed as permeability in- 
creased ( k  =0.2 md required 50 iterations). The runs for 
higher permeabilities not only required more iterations, but 
also required that the rectangular grid be successively nar- 
rowed- k = 2.0 md required widths of 0.5 m at k W/2. Also, 
we could no longer take the full values of our updated guesses 
at each iteration step, but were forced to average them with 
the previous updates. In particular it was found that conver- 
gence was extremely sensitive to the vertically averaged hori- 
zontal potential gradient d / a x  given by Eq. 21. For the case 
of 2.0 md, we updated @/dn using only 0.2% of the new 
iterate. 

The compositional contours for k = 0.5 and 2.0 md are 
shown in Figures 4 and 5. The overall horizontal composi- 
tional variations for these are 4.25 and 1.94 mol%, respec- 
tively. The most important feature of these figures is that 
now the horizontal compositional gradients are decreasing 
with increasing permeability. They also show that these hori- 
zontal gradients are roughly constant away from the side 
boundaries. An interesting feature of Figure 5 is that the 
curves now have a negative slope near z = 0, indicating that 

0 I mole"% c, 
-# 

Figure 3. Methane mole fraction contours, k = 0.2 
md-Example 1 ( x (0,O) = 20%). 
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Figure 4. Methane mole fraction contours, k = 0.5 
md-Example 1 ( x (0 ,O)  = 20%). 

the vertical concentration gradients are reversing sign in this 
region. 

Up to this point, we assumed that the side boundaries had 
a significant effect on the horizontal gradients in the interior 
of the reservoir. We decided to check this in two ways. First, 
we reran some of the cases using a reservoir width of 300 m, 
rather than 3,000 m. Secondly, we removed the side bound- 
aries. 

In the case of the 300-m reservoir, we found the same be- 
havior as before. Not only was the behavior in near x = O  
nearly identical for the two widths, but behavior near the side 
boundaries was the same at a given distance from those 
boundaries (that is, gradients at x = 1,498.5 m for the 3,000-m 
reservoir were nearly the same as at x = 148.5 m for the 300-m 
reservoir). In neither region did compositional gradients scale 
on width. 

The success with the one 300-m reservoir, and the poor 
convergence using the 3,000-m reservoir encouraged us to try 
an infinite system. In this modification we performed our cal- 
culations on a 4,800-m reservoir using the same differenti- 
ated Green’s functions without the images in & W/2. The 
width of the individual rectangles in this case were 150 m. At 
the edges of the reservoir, we added two rectangles that were 
each 3,000 m long and assigned the inhomogeneities in each 
to be identical to those in the adjacent block. The computa- 
tions were performed as before on the 4,800-m core region 
with the only requirement being that the trends from the cen- 

Distance. m 

Figure 5. Methane mole fraction contours, k = 2.0 md, 
closed rectangle-Example 1 ( x (0,O) = 20%). 
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Figure 6. Methane mole fraction contours, k = 2.0 md, 
infinite rectangle-Example 1 ( x(0,O) = 20%). 

ter 3,600 m were continued linearly outwards into each outly- 
ing 600 m section. It was hoped that in this way the center 
3,000 m would behave as if it were part of an infinitely wide 
reservoir. We made no changes to the vertical geometry ex- 
cept for some minor modification of individual rectangle 
height. 

No attempt was made to reproduce all of the earlier runs 
-we were more interested in determining the behavior for 
higher permeabilities than we were in seeing if an infinite 
system could be used for lower permeabilities. We did, how- 
ever, rerun the 2.0-md case, shown in Figure 6. In this case 
the compositional change across the reservoir was 1.89 mol%. 
This compares favorably with the value of 1.94 mol% for the 
closed rectangle. Examination of Figure 6 shows no surprises; 
the behavior is essentially unchanged except near f W/2. 

The iterative procedure now worked much better; not only 
did convergence require fewer iterations, but each iteration 
required less time. Typically, a single interation cycle took 
about 7-8 times more computation time for the closed rec- 
tangle than for the infinite rectangle. The number of itera- 
tions still increased and the weighting of @/ax still needed 
to be decreased with increasing permeability. In addition to 
the 2.0 md run, runs for 5.0, 10, 30 and 100 md were also 
completed. The composition contours for 10, 30 and 100 md 
are shown in Figures 7, 8 and 9. These figures show the same 
general trend as before with the horizontal compositional 
changes being 0.55, 0.21 and 0.06 mol%. Note that in this 
range of permeabilities, these horizontal changes are roughly 
proportional to l/k. 

Figure 7. Methane mole fraction contours, k = 10 
md-Example 1 ( x (0,O) = 20%). 
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We did not perform runs for higher permeabilities, be- 
cause it was felt that we were straining the limits of our itera- 
tive method. Up to this point, the horizontal variation of 
composition was completely dominated by the horizontal av- 
eraged potential gradient, & O x .  Neither d+,/dz nor the ex- 
ponential part of dq5/dx had any significant effect. Iterative 
solutions for higher permeabilities, however, would almost 
certainly exhibit regions of horizontal gradient reversal be- 
cause these two components become more important. We do 
not believe that the true solution should exhibit these rever- 
sals and are unsure whether or where the solution technique 
is breaking down. It could be in the way we are approximat- 
ing the infinite reservoir or in the numerical computation of 
V x +,. It may even be something as mundane as the loss of 
significance in our Green's function integrals. We do not an- 
ticipate the emergence of different behaviors for higher per- 
meabilities, but different regimes may exist. This problem is 
currently under investigation. Up to 100 md, we have confi- 
dence in our method because it is confirmed by the perturba- 
tion solution we developed analytically. The perturbation so- 
lution will be discussed later. 

So far, we have only presented plots of composition. We 
could possibly have made better arguments by showing po- 
tential gradients, flow lines and localized behaviors, but for 
the sake of brevity we show a few figures for completeness. 
This is also because knowledge of their behavior enhances 
the arguments we make in the development of the perturba- 
tion solution. 

-1500 - I 2 l ~ O  ~900 600 -300 0 300 hOO 900 1200 IS00 
75 P '175 

D ~ a n i e  m 

Figure 9. Methane mole fraction contour, k = 100 
md-Example 1 ( x(0,O) = 20%). 

Elevation, rn 

Figure 10. Total horizontal mass flux, k = 2.0 md, at x = 
0-Example 1. 

Figure 10 shows the horizontal component of total mass 
flux pu, at x = 0. This figure shows the case of the finite 
rectangle for k = 2.0 md, but the qualitative behavior is the 
same for all permeabilities whether the rectangle is finite or 
unbounded. The important feature of this plot is that pu, is 
essentially a linear function of elevation. This velocity profile 
is closely approximated by (kg/2ppXdp2/dx)z which is the 
solution to Eq. 13, assuming the right side to be constant. A 
few important points regarding the horizontal mass flux (at 
least away from the side boundaries) are: (1) it is orders of 
magnitude greater than the vertical mass flux pu,; (2 )  it is 
very weak function of x ;  and (3) the flow field in the reser- 
voir consists of one large convective cell. 

Figure 11 shows a vertical slice of d4/dz (at x = 0 for the 
same run), which accounts for nearly all of the vertical varia- 
tion of composition. This figure shows that the vertical gradi- 
ent of composition is roughly proportional to ( z 2  - H2/4). 
Recall that dx/dz is given by (- d+/dz + d$/dx - CgT/dz  
- C%P/dz)/Cx. Here the +, term is negligible while the sum 
of the pressure and temperature terms is approximately equal 
to 4.9X kg/m2-s. This means that a reversal in vertical 

Elevation, m 

Figure 11. Vertical potential gradient, k = 2.0 md, at x = 
0-Example 1. 
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composition gradient occurs at z = k 30 m. This agrees with 
the composition profiles shown in Figures 5 through 9. 

Figure 12 shows the vertically-averaged horizontal poten- 
tial gradient d@dx for the closed rectangle and k = 2.0 md. 
This figure shows the boundary layers at the two ends. The 
existence of boundary layers in a binary system of nitroben- 
zene-hexane with horizontal temperature gradient has been 
observed recently by Platten and Chavepeyer (1995). The lo- 
cal maxima near the boundaries require some discussion. The 
reason for these maxima is unclear, but they seem to develop 
only for permeabilities where d x / d x  decreases with rising 
permeabilities (in this example, for permeabilities greater 
than 0.2 md). Their magnitudes seem to be a slowly decreas- 
ing function of permeability, while their widths and distances 
from the boundaries are roughly proportional to l/k. These 
maxima do not develop when the reservoir is taken to be 
infinitely wide. 

We have no explanation for the existence of these maxima, 
but the fact that these boundary layers do exist has two im- 
portant implications. The drawback is that it limits the use- 
fulness of the iterative technique: the grid needs to be highly 
refined in these regions and the rate of convergence is slowed 
greatly. The benefit is more philosophical-the velocities and 
compositions in the boundary layers seem to arrange them- 
selves so as to consume the horizontal boundary condition; 
the boundary conditions at x = W/2 only affect behavior in 
the boundary layers and that the region between the maxima 
is independent of the boundary conditions. Note that in the 
central part of the reservoir the potential gradient has a gen- 
tly sloping linear trend. This trend is almost identical to that 
for the case of k = 2.0 md in an infinite rectangle. 

I 

Example 2: C, - nC, system, reversed thermal di@sion 
In this example we consider the same case as before, but 

change the sign of k ,  and, therefore, the sign of the entire 
CT term; as a consequence, the methane concentrates in the 
colder regions. This is an important difference because in Ex- 
ample 1 the vertical pressure and thermal effects competed 
and the thermal effects dominated. 

Another important difference here is that the horizontal 
density-squared gradient is a combination of two competing 
effects-the thermal component ( d p 2 / d T X d T / d x )  is now op- 
posite in sign to ( d p 2 / d x X d X / d x ) .  Recall that Eq. 13 indi- 
cates that velocities are proportional to the permeability and 
the horizontal density-squared gradient; in this example, the 

Dirtance. m 

Figure 13. Methane mole fraction contours, k = 0.00 
md-Example 2 ( x (0,O) = 20%). 

density gradient will decrease as the permeability increases. 
This is in line with the observations of Jacqmin (1986, 19901, 
Moser (1986), and Chavepeyer and Platten (1994) and is ap- 
parently well known. 

Figure 13 shows the starting point for this set of iterations 
k = 0. This presentation is the same as before: the contour 
lines show equal values of methane mole fraction, the con- 
tour spacing is 0.1 mol%, and the composition at the center 
of the reservoir is assigned to be 20 mol% methane. The sig- 
nificant feature of this figure is that now the methane con- 
centration is highest at the top of the reservoir. The total 
horizontal compositional difference is - 0.91 mol%. This 
value has the same magnitude as Example 1, but the sign is 
changed. Figure 14 shows the density contours for this case. 
(The contour interval is 0.16 kg/m3 and the value at the cen- 
ter is 517.4 kg/cm3. This interval and reference density are 
maintained in the next two density plots.) The magnitude of 
the density is not important, but the slope of the contours is. 
These slopes are equal to - (dp/dx)Adp/dz).  In all of the 
cases we will show, the vertical density gradients are positive 
throughout the reservoir, so in Figure 14 the horizontal den- 
sity gradients are negative. 

Figure 15 shows the composition profiles for k = 0.1 md. 
These profiles are similar to those of Figure 13 and the hori- 
zontal composition difference is now - 1.81 mol%. Figure 16 
shows the density contours. Here, again, all of the vertical 
gradients are positive. The horizontal gradients are still nega- 
tive, although they have decreased in magnitude. In this case 
the mass flux exhibits one large convective cell, a vertical 

O l h k g m  

Dl\tn"cr. rn 

Figure 14. Density contours, k=0.00 md-Example 2 
( p(0,0)=517.4 kg/m3). 
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Figure 15. Methane mole fraction contours, k = 0.1 
md-Example 2 ( x (0,O) = 20%). 

slice of horizontal mass flux is roughly approximated by 
(kg/2 cpp.Xdp2/dx)z, and the vertical potential gradient at x 
= 0 is roughly parabolic. These three phenomena are con- 
sistent with those of Example 1. 

There is very little change in composition for this example 
as the permeability is increased; we show only the case, k = 

100 md-the limit of our calculations. Figure 17 shows the 
compositional contours. They are essentially the same as in 
Figure 15, except that now the horizontal change is -2.49 
mol %. 

The reason that the compositions have changed so slowly is 
that the horizontal density gradient is decreasing. This much 
was expected, but the manner in which it occurred was not. 
Figure 18 shows the density contours for this case. Note that 
above the centerline z = 0, the slope is predominantly nega- 
tive, while below it is predominantly positive. This indicates 
that a second convective cell should exist, and it does. Figure 
19 shows pu, at x = 0. Here the horizontal mass flux is zero 
at two points, is negative in the center, and positive at the 
top and bottom. The vertical potential gradient d+/dz is now 
no longer parabolic, but develops two local extrema, as shown 
in Figure 20. Figure 21 shows d / d x  for k = 0.1 md. This 
figure does not show the local maxima that Figure 12 showed. 
We believe this is because the horizontal concentration gra- 
dient is still steepening. Figure 21 does show, however, a steep 
rise to a region of linear behavior. This region of rapid rise is 
a boundary layer and narrows as permeability increases in 
much the same way as in the Example 1. 

We did not proceed to higher permeabilities, so we cannot 
predict their behavior with a high degree of certainty. The 

Figure 16. Density contours, k = 0.1 md-Example 2 
( p(0,O) = 517.4 kg/m3). 

Figure 17. Methane mole fraction contours, k = 100 
md-Example 2 ( x (0,O) = 20%). 

two convective cells that are present for k = 100 md seem to 
have stabilized, since the qualitative nature of the density and 
velocity fields is essentially unchanged from that of k = 10 
md. However, we cannot guarantee that the reservoir will not 
break in two as permeability is increased-there is a possibil- 
ity that the two convective cells will act independently of each 
other, forming an imaginary barrier at z = 0 and exhibit op- 
posite behavior in each cell. There is also the possibility that 
the two cells will break into four and those four into eight, 
and so on. This last possibility seems to be the least likely of 
the three. 

Perturbation Analysis 
We have reached a point where the main problem can be 

tackled-predicting horizontal compositional variation. We 
can do this, because we now have a good idea of the behavior 
from our iterative solution examples. The perturbation 
scheme we pursue is simple and does an excellent job of pre- 
dicting these variations except in the boundary layers. The 
analysis is done in two stages: first we develop a cubic equa- 
tion that gives the variation at x = 0, and second we integrate 
this horizontally to determine the variation as a function of 
X .  

Analysis at x = 0 
The gist of the method is to assume that d,y/dx is constant 

and to determine it from d / a x  given by Eq. 21 of the last 
section (which we reprint here) 

..................... 

....................................... 
..................... 

.................... 

Figure 18. Density contours, &=lo0 md-Example 2 
( p(0,O) = 51 7.4 kg/cm3). 
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Figure 19. Total horizontal mass flux, k = 100 md, at x = 
0-Example 2. 

a$ 1 
- = - ,/HEp opu,dz. 
dx H - 

(22) 

This requires that we approximate the flow field and the ver- 
tical variation of weight fraction. Jacqmin (1990) uses the 
same procedure we outline below except that he sets this in- 
tegral equal to zero rather than d / a x  (and does not con- 
sider thermal diffusion). 

Here we assume that the effects of the lateral boundaries 
are insignificant and that the dx/dx is neither a function of x 
or of z .  We assume that all of the diffusion coefficients are 
constant, as are the partial derivatives of p2 with respect to 
composition and temperature. We also assume that density is 
not a function of z and that the pressure gradient is given by 
VP = - fog?. We also assume that permeability, viscosity, 
porosity and temperature gradients are constant, as before. 

It is convenient here to work with the weight fraction as 
opposed to the mole fraction, and so we rewrite the diffusive 
flux as 

I 
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Figure 21. Horizontal averaged potential gradient at k = 
0.1 md-Example 2. 

Note that C" is equal to CXdx/dw, and that because the 
diffusion coefficients are now constant, the rotational part of 
7 i s  zero. 

The first quantity we need is mass flux from Eq. 13. Since 
the right side of this equation is constant and we are not 
imposing any horizontal boundary conditions, the solution re- 
quires only a single integration 

The subscripts on the right side of this equation denote dif- 
ferentiation. The subscripts on density-squared denote the 
derivatives of density-squared and not the squares of the 
derivatives. Note that to this order, there is no vertical com- 
ponent of velocity. 

The determination of weight fraction as a function of ele- 
vation requires we find d+/dz. The assumptions above imply 
that 4 is a linear function of x. Therefore, its second-x 
derivative must be zero. So, we find d4/dz  by integrating Eq. 
16 in the form 

- '74 = C W V w  + C T V T  - C'pog?. (23) 
which yields 

Using this expression in Eq. 23 gives 

Elevation, m 

Figure 20. Vertical potential, k = 100 md-Example 2. 
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(25 )  

Now we need only insert this expression for weight fraction 
and the expression for mass flux into Eq. 22, and integrate 
and set the result equal to the horizontal component of Eq. 
23. The result of these steps is a cubic equation for wx 
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We choose to present the final equation for wx in this form, 
because it more clearly brings out the important aspects of 
the solution. Note that the term ( p:wx + p;T,) represents 
the horizontal density-squared gradient, and the term 
(Cp/Cwpog - CT/C"T') is the vertical compositional gradient 
for the case of zero permeability. This last term can be con- 
sidered a buoyancy term including both temperature and 
pressure effects. If we follow the steps in Jacqmin (1990) and 
include thermal diffusion, we get Eq. 28 without the term 
wx + CT/C"Tx. 

A review of the steps in the perturbation analysis shows 
that it closely matches the behavior of Example 1: the mass 
flux is proportional to z ,  and the vertical potential derivative 
d ~ $ / d z  is parabolic. This solution is, therefore, expected to be 
a good approximation to wx for Example 1 at the origin. Fig- 
ure 22 shows the horizontal derivative of mole fraction at 
x = 0, z = 0 for the iterative solution of Example 1, and the 
solution of the cubic above. The agreement is excellent with 
the greatest discrepancy being less than 1%. We also include 
on this figure our modification (that is, the inclusion of ther- 
mal diffusion) of Jacqmin's solution. Note that his solution 
asymptotes to ours as permeability approaches infinity, where 
the term he neglects becomes unimportant. 

The close agreement in the case of Example 1 is encourag- 
ing. However, it is not that surprising, since each step in the 
perturbation solution exhibited the same behavior as the iter- 
ative solution. We were surprised to find close agreement for 
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Figure 22. Horizontal mole fraction gradient at x = 0, 
and z = O-Example 1. 
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Figure 23. Horizontal mole fraction gradient at x = 0, 
and z = O-Example 2. 

Example 2, shown in Figure 23. In fact, the agreement is much 
closer than before, the maximum deviation being slightly less 
than 0.1%. This is surprising because Example 2 exhibits nei- 
ther a mass flux profile proportional to  z nor a parabolic 
d+/dz profile. Apparently, the fact that ( p2wx + p;Tx) ap- 
proaches zero is more important than the mass flux profile or 
vertical potential derivative. Here also we include our modifi- 
cation of Jacqmin's solution. His solution does not match the 
data nearly as well as in Example 1; the neglected term plays 
an important role for all permeabilities. 

Extension to x # 0 
Extension of the perturbation scheme to other values of x 

can readily be made. Note, we assumed C", C', C p ,  po, and 
so on were constant and assigned their values using the val- 
ues of x, T and P given at the origin. Recall that we are 
given temperature at all points in the reservoir. pressure 
changes very little horizontally, and, using Eq. 28, we now 
have a good approximation for ,y at  x = & Ax. So, in princi- 
ple, we can step out at will to  either the right or the left, 
resolve the cubic with new parameters, and continue stepping 
indefinitely. 

Figure 24 shows the comparison of this perturbation solu- 
tion with the iterative solution for the closed rectangle in Ex- 
ample 1 with k = 2.0 md. Note that the agreement is excel- 
lent except in the boundary layer region. 

Exphining the horizontal gradient 
We have seen that perturbation solution accurately pre- 

dicts the horizontal compositional gradients, at least at z = 0. 
We can also use the perturbation concept to answer the 
question: "Why does a small amount of convection cause 
horizontal composition gradients?" The argument is simpli- 
fied greatly if we assume that there is no thermal diffusion. 

If we consider a rectangular reservoir where C T =  0, and 
where C and C p  are not functions of temperature, then the 
static compositional variation will be purely vertical (that is, 
the horizontal compositional gradient will be zero). A repre- 
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Figure 24. Compositional gradient at z = 0, k = 2.0 
md-Example 1. 

sentation of the vertical grading is shown by the solid curve 
A of Figure 25a (the dashed line shows zero vertical grading). 
So far, we have not violated the conservation of mass con- 
straint because there is no convection. Now consider that the 
permeability is increased so that there is a small amount of 
pu, that is proportional to z ,  as shown by solid curve B (the 
dashed line shows zero convection), and that pu, is identi- 
cally zero. We now have violated our material balance con- 
straint for component one since j?fpwpu,dz (that is, the 
integral of the product of curves A and B )  is not zero. There 
will be more of component one moving to the right than to 
the left and hence a buildup of component one. In order for 
this not to happen, either the compositions must redistribute 
vertically (see curve C )  or j!Gp opuxdz + j!Gp j,dz = 0. The 
integral /!Gpjxdz represents the contribution of horizontal 
diffusion (and hence some horizontal compositional gradient). 

We can think of Eq. 28 as a function of permeability. When 
viewed in this way, each of the three terms corresponds to a 
different part of the material balance argument. The k o  term 
corresponds to completely static conditions; since dP/dx is 

0- 

zero convectioii 
at r = O  

W' 

non-zero convection 
a t x = 0  

Figure 25. Material balance arguments. 
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insignificant, the horizontal gradient is due to thermal diffu- 
sion. The k' term represents the horizontal diffusion that 
balances the convective flux in the absence of vertical compo- 
sitional redistribution. The k 2  term gives the further devia- 
tions in horizontal gradient caused by redistribution of verti- 
cal composition profile. Note that Jacqmin's approach implic- 
itly assumes that the material balance error caused by con- 
vection is completely accounted for by redistribution verti- 
cally. 

Further examination of the perturbation solution 
An investigation of Eq. 28 gives some important general- 

izations of the phenomenon seen in the two examples already 
discussed. For instance, it clearly shows that the solution 
scales as the product of permeability and thickness squared. 
This means that reducing the thickness by a factor of two will 
result in the curves of Figures 22 and 23 being shifted to the 
left by a factor of four, without changing their shape. The 
cubic equation also shows that as k approaches zero, the so- 
lution asymptotes to -CT/C"T, and that w, decays as l / k  
as permeability approaches zero (if the density derivative is 
not zero). 

A closer examination of the cubic equation reveals that W, 

can have at most two extrema-one occurring at intermedi- 
ate values of k and the second at k = x (whose value must be 
zero, if the first extrema occurs). Therefore, Figure 22 ex- 
hibits all of the possible qualitative behavior predicted by the 
cubic equation. Of course, all of these features need not de- 
velop. The most significant deviation occurs if p: w, becomes 
equal to - p+T,, as was the case in Example 2. 

Let us examine the "hump"in Figure 22. Note that for low 
permeabilities the order k o  and k' terms dominate. The 
hump develops when the k 2  term begins to dominate the k o  
term. Prior to this, the value w, = 0 is in no way distin- 
guished. This means that there is no reason that the gradient 
could not start at a negative value, say, increase straight 
through W, = 0, reverse sign, and then reach a local maxima. 
This behavior requires no contrivance, but merely values of 
C', C p ,  and so on that seem no less likely than any others. 
Also note that thermal diffusion has little effect on the quali- 
tative behavior-it affects only the asymptote as permeability 
approaches zero and the position and height of the hump 
through the buoyancy term (Cp/Cwpog - CT/C"Tz). 

The question is: What happens in the case of a multicom- 
ponent fluid? In the case of an n-component single-phase 
fluid, there will be: n-1 equations corresponding to Eq. 23, 
one equation of the type of Eq. 24, and n-1 equations of the 
type Eq. 28. The result will be n-1 cubic equations, which 
need to be solved simultaneously. This may or may not be a 
simple task, but it will be much easier than solving the corre- 
sponding differential equations with the iterative method. 

We need to emphasize again an important point. Every- 
thing we have done in this section was predicated on the as- 
sumption that Examples 1 and 2 exhibited all of the behavior 
that would arise as permeability increases to infinity. It is 
possible that other regimes will develop for higher permeabil- 
ities. This possibility needs to be investigated. 

Discussion and Conclusions 
This work investigates the compositional variation of a sin- 

gle-phase, two-component system due to the combined ef- 
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fects of natural convection and diffusion. Our goal was to 
develop simplified solutions that would give us accurate com- 
positions at all points under all conditions, but the main ob- 
jective was in the horizontal compositional distributions. 

The investigation was made much more difficult, because 
we did not know the most basic effects that convection would 
have on composition. We embarked on a simple iterative 
method in order to include virtually all of the fluid property 
variations. It would have been nice if this procedure con- 
verged quickly for all cases-but it did not. However, we were 
able to force it to work well enough to give us a good idea 
how the solutions behaved. 

The real value of this work is that we were able to use 
those discovered behaviors to motivate a perturbation solu- 
tion that not only gives very accurate horizontal composi- 
tional variations, but also clearly indicates the interplay of 
the various parameters. 

The major findings of interest are: 

(1) The vector formulation introduces new variables, which 
are related to bulk velocity and composition. 

( 2 )  Increasing permeability normally does not cause a 
monotonic lessening of horizontal compositional variation. 
Often, there is a local maximum/minimum in gradient, when 
considered as a function of permeability. This local ex- 
tremum may be of either sign and either greater or less than 
the initial ( k  = 0) gradient. If this local extremum develops, 
the compositional gradient then lessens monotonically to zero 
as permeability approaches infinity. In this final stage the 
gradient decays as l/k. 

(3) The only case where a local maximum does not de- 
velop is when the horizontal density gradient due to tempera- 
ture cancels that due to composition. This causes the hori- 
zontal compositional gradient to asymptote to a nonzero lim- 
iting value without attaining a maxima or minima. A series of 
runs with the iterative model indicates that two cells span- 
ning the width of the reservoir develop at high permeab 
in this case. The perturbation solution does not predict these 
two cells, yet gives very good values for horizontal composi- 
tional gradient. 

(4) Thermal diffusion plays an important role in the quali- 
tative behavior of the horizontal compositional variation. It 
accounts for the magnitude of the horizontal gradient as per- 
meability approaches zero, and affects the height and loca- 
tion of the maxima/minima through the pressure/tempera- 
ture buoyancy term. It also affects the direction of convec- 
tion. 

(5) Boundary layers develop at the right and left bound- 
aries of the reservoir and decrease in width as permeability 
increases. Within these regions there is rapid change in com- 
positional gradients which seem to consume the right and left 
boundary conditions. This leaves a large region in between 
where the effects of the boundaries are insignificant. 

(6) The perturbation method applied to an n-component 
system will require the simultaneous solution of n-1 cubic 
equations. 

The above conclusions assume that the behavior found us- 
ing the iterative procedure is exhaustive. However, this pro- 
cedure was not able to investigate cases of high permeabili- 
ties. There is a possibility that other compositional regimes 
develop as permeability approaches infinity. This possibility 
needs to be investigated. 
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Notation 
c =heat capacity at constant pressure 

C 5  =coefficient of mole fraction gradient in j’ 
C” =coefficient of weight fraction gradie_nt in 7’ 
C p  =coefficient of pressure gradient in j 
C T  =coefficient of temperature gradient in ;* 

M ,  =molecular weight of component i 
P =pressure 

po =fluid density at x = 0, z = 0 
p;. = ap 2/a T 
p; = dp2p.u 
p i  = a p 2 p w  

I#J = irrotational part of opu‘ and - 7 
(1, =stream function 
(1,, =rotational part of j 

I,!I~,, =rotational part of opu’ 
ox = dolax  
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